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Let [F(Q)]” be the Cartesian product of the space of real-valued infinitely 
differentiable functions on a connected open set R in 3% with itself p-times. 
The finitely generated submodules of [6’(Q)]” are of the form im(F) where 
F: [l(Q)]n -+ [g(Q)]” is a p x q matrix of infinitely differentiable functions 
on 0. Let r = max{rank(F(x)): x E 0). The main results of the present paper 
are that for Q C S?, if the finitely generated submodule im(F) is closed in 
[8(Q)lP, then for every x 6 9 with rank(F(x)) < I there exists an Y x r sub- 
matrix A of F such that x is a zero of finite order of det(A), and for Q C W’, 
the converse also holds. 
1. INTRODUCTION 
Let &(J2) denote the space of real-valued infinitely differentiable 
functions on an open set ~2 in 92% equipped with the topology of 
uniform convergence of all derivatives on all compact subsets of Q. 
Throughout we assume that J2 is connected. 
Let [6’(Q)]” denote the Cartesian product of &(a) with itself 
p-times equipped with the product topology. Then [8(Q)]” is a 
Frechet space and a 8(Q)- module. In [4], the finitely generated 
submodules of [am(Q)]” which are closed in [&?(Q)]P are charac- 
terized for m < CO and we are here concerned with the same problem 
for m = co. An announcement of the results of this paper has 
previously appeared [5]. 
For x E Sz, let J, denote the ideal in &(a) consisting of all functions 
in 6’(Q) which vanish at x together with all derivatives. A zero x 
of a function fE b(Q) is said to be a zero of finite order if some 
derivative of f is nonzero at x, that is, if f $ J, . For x E 52, let T, 
denote the natural mapping of [8’(Q)]” onto [8(~)]~/[JZ]P. 
Consider the finitely generated submodule M = (g,f, + *a* + g,f,: 
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g, ,.", g, E c?(Q)) of [8(Q)]” where fi = (fii ,...,fJ E [6(Q)]p for 
1 < j < 4. Let F be the p x 4 matrix (fij)l~i+l(j+. Then 
F: [6’(Q)]” 4 [&‘(sZ)]” and im(F) = M. In [2, p. 25-011, Malgrange 
shows that M = im(F) is closed in [6(Q)]p if each fii is real analytic 
on Q. Let Y = max{rank(F(x)). . x E Q>. Our main results are that for 
Q C 9P, if the finitely generated submodule M = im(F) is closed 
in [g(Q)]“, th en for every x E 9 with rank(F(x)) < r there exists 
an Y x T submatrix A of F such that x is a zero of finite order of 
det(A), and for B C 9P, the converse also holds. 
For Q C S, the fact that the zeros of finite order condition is 
sufficient follows from Malgrange’s characterization of the closure of 
a submodule of differentiable functions [I, Cor. 1.7, p. 251. For 
52 C 9P, the necessity of the zeros of finite order condition can be 
demonstrated in the following manner. Assuming that im(F) is 
closed in [&(a)] P, we have by the closed range theorem for Frechet 
spaces that im(F’) = [ker(F)]i where F’: [c?‘(Q)]” -+ [&‘(sZ)]q is the 
transpose of F. Assuming that the set 2, of x E Q with rank(F(x)) < r 
for which x is a zero of infinite order of det(A) for every r x Y sub- 
matrix A of F is nonempty, we find that there exists (Tr ,..., T,) E 
[ker(F)]-‘- such that for some j, 1 < j < Q, supp( Tj) = (u> C bd(Z,). 
ThereforeF’(S, ,..., S,) = (T, ,..., T,) for some (8, ,,.., S,,) E [&(Q)]P 
which leads to a distribution equation of the form 
g,& + .** + gps, = 6x , 
where each gi has a zero of infinite order at a, which is impossible. 
2. PRELIMINARY LEMMAS 
We begin with several lemmas which establish the existence of a 
g-tuple of distributions (T1 ,..., T,) E [ker(F)]‘- with the appropriate 
properties. 
LEMMA 2.1. Suppose d E 6(Q), S C 9P, and for a E Sz dejne 
D: Jaal ---f J,J- 6~ D(T) = dT. If d # J, , then im(D) = Jai. 
Proof. a(Q)/J, is topologically isomorphic to the ring F, of formal 
power series in n indeterminates equipped with the topology of 
convergence of each coefficient. Define G: 8(Q) --+ &(a)/ J, by 
G(g) = dg + Ja . Th en G is continuous and ker(G) = J, since F, 
is an integral domain and d $ Ja . Hence H: &(Q)/Ja -+ &(S2)/ J, 
defined by H(g + Ja> = G(g) is one-to-one and continuous. Further- 
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more, im(H) is closed in G(s2)/Ja since every ideal in F, is closed. 
Therefore by the closed range theorem we have im(H’) = J,’ 
where H’: J,’ -+ J,” is the transpose of H. And H’ = D which 
completes the proof. 
LEMMA 2.2. Let dI ,..., d, E 8(Q), Q C 9P, and de&e D: [4?(Q)]* 4 
g(Q) by D(g, ,-.., g,) = 4gl + 0-e + dag, . Suppose a E =qp(&) for 
some k, 1 < k < q. Then there exists j, 1 < j < q, such that for every 
T E Jccl there exists (TI ,..., T*) E [ker(D)]L with Tj = T. 
i+oof. For every g, ,..., g, G ker(D) where g, = (gi, ,..., gi,) for 
1 < i < q, we claim that det(gij)iCi,j+ E J, . For given any neigh- 
borhood N of a there exists x E N with d,(x) # 0 which implies 
that Wgg)lsi,jsq is identically zero in a neighborhood of x. 
If g, E J0 for every g = (gr ,..., g,) E ker(D), then 
(T, O,..., 0) E [ker(D)]l 
for every T E J,’ and the proof is complete. Otherwise choose 
g, ,..., g, E ker(D) with g, = (gi, ,..., giq) for 1 < i < I so that 
de~kdlsi,jsl $ J, where I is maximal. Clearly 1 < I < q. 
For 1 <j < I + 1, let di be (-1) j+l times the determinant of the 
matrix kiikisL1sjsl+l with the jth column deleted. Then dl+, $ J, 
and for every T E J,J- we have that 
(d,T,..., cI~+~T, 0 ,..., 0) E [ker(D)]‘-. 
For if g = (g, ,..., gJ E ker(D), then 
(d,T,..., dz+,T, O,..., wg, Y.,g*) = w1g1 + ‘.. + dz+1gzt1) = 0, 
since 
belongs to J, by our choice of 1. Since d,,, $ Ja , an application of 
Lemma 2.1 completes the proof. 
LEMMA 2.3. Suppose F = (f .) iJ l~i~p.l~j~q y fii 6 ~(f4, Q C sffl, and 
let A be an (s + 1) x (s + 1) submatrix ofF. Suppose a E cl{x E 0: A(x) 
is nonsingular}. Then for every choice j, ,..., js of s columns of A there 
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exists j, 1 < j < q, such that for every T E Jai there exists ( Tl ,..., T,) E 
[ker(F)]l with Tj, = *-- = Tj, = 0 and Tj = T. 
Proof. Ifs = 0, the lemma asserts that there exists j, 1 < j < q, 
such that for every T E J,’ there exists ( Tl ,..., T,) E [ker(F)]’ with 
Tj = T. Since the proof for s = 0 is similar to that for s > 0, 
we assume s > 0. For simplicity suppose that A = (fij)l<i,j(s+l and 
j, = l,..., j, = s. Consider any (g, ,...,g,) E ker(F). Then 
filgl + “’ +fiagq = O9 1 <i<p. 
For 1 < i < s + 1, multiply the ith row of this system of equations 
by the cofactor of ficS+l) in A. Adding the equations thus obtained, 
we find that 
d,g, + ... + d,g, = 0, 
where for 1 < j < q, 
f 11 
dj = det i 
hs+1)1 
Clearly dr = **. = 4 = 0 so ds+,gs+, + *a* + d,g, = 0 whenever 
(81 >**‘Y g,) E keV)- 
Define D: [&(Q)]Q-s + 6’(Q) by 
D(h, ,..., h,-s) = ds+,h, + .*. + d&,-s . 
Then (g,+, ,.-, g,J E ker(D) whenever (g, ,.,,, g,) E ker(F). Since d,,, = 
det(A), we have that a E supp(d,+,). Therefore, by Lemma 2.2, 
there exists j, 1 < j < q - s, such that for every T E J,’ there exists 
(Tl >..-> T-s) E [keWl’- with Ti = T. Since (0 ,..., 0, Tl ,,.., T,-,) E 
[ker(F)]I whenever ( Tl ,..., T,-,) E [ker(D)]‘, the proof is complete. 
3. THE MAIN RESULTS 
For F = (f&~i+l++ 9 zi f. E 6’(Q), let r = max{rank(F(x)): x E Q> 
and let 9 be the collection of r x 7 submatrices of F. 
THEOREM 3.1. Suppose F = (f~j)l~i~p,lsj+ , fij E C?(Q), ~2 C 9’“. 
If the finitely generated submodule M = im(F) of [8(Q)]” is closed in 
[~(Q>l”, then f 07 every x E Q with rank(F(x)) < 7 there exists A E 9 
such that x is a xero of Jinite order of det(A). 
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Proof. Suppose that there exists x E Q with rank(F(x)) < r such 
that x is a zero of infinite order of det(A) for all A E 3. Then r > 0 
and 
2, = (X E Sz: det(A) E Jz for all A E 9} 
is a nonempty proper closed subset of Sz. Since !J is connected, there 
exists a = (ur ,..., a,) E bd(2,). Then a E 2, so det(A) E J, for all 
A E 9. Either every fij E Ja or there exists a submatrix of F whose 
determinant does not belong to Ja . Since the proof in the former 
case is similar to that in the latter case, we consider only the latter. 
Let s be the largest integer such that there exists an s x s submatrix 
B of F such that det(B) $ J, . Then 0 < s < Y. We claim that 
there exists an (s + 1) x (s + 1) submatrix A of F containing B 
such that a E cl{x E Q: A(x) is nonsingular). To see this, first observe 
that since a E bd(Z,) there exist points arbitrarily close to a at which 
some C E g is nonsingular. Therefore there exists a fixed C E 9 and 
a sequence (x,J in G with xk ---f a such that for each R there exists 
a neighborhood Nk of xk on which C is nonsingular. Furthermore, 
since det(B) $ Ja , B is nonsingular at some point of NI, for K suffi- 
ciently large. Therefore there exists a sequence {yk} in Sz with 
yli ---f a such that for each k both B(yk) and C(ylc) are nonsingular. 
Finally, for each k some (s + 1) x (s + 1) submatrix of F containing 
B is nonsingular at yli since if this were not the case, we would have 
that rank(F(yk)) = s [3, Theor. 4-11, p. 811, contradicting the fact 
that C(ylc) is nonsingular where C is an Y x Y submatrix of F and 
s < 1. Therefore there exists a fixed (s + 1) x (s + 1) submatrix A 
of F containing B and a subsequence of {ylc} such that A is nonsingular 
at every point of the subsequence. Thus 
a E cl{x E Q: A(x) is nonsingular}. 
Let j, ,..., j, be the columns of B. By Lemma 2.3, there exists j, 
1 < j < 4, such that for every T E J,’ there exists (Tr ,..., Tp) E 
k4F)l _L with Tj, = --* = Tj8 = 0 and Tj = T. For simplicity, 
suppose that B = (fij)l~i,i~s and j = s + 1. By Lemma 2.1, there 
exists T E J,J- with det(B)T = 6, . And by Lemma 2.3, there exists 
(Tl ,..., T,) E [ker(F)]l with Tl = **. = T, = 0 and T,,, = T. 
We now assume that M = im(F) is closed in [S(Q)]” and arrive 
at a contradiction. Since iVl = im(F) is closed in [a(Q)]“, the closed 
range theorem for Frechet spaces implies that im(F’) = [ker(F)]l 
where F’: [cY(L?)]~ + [8’(L?)]* is the transpose of F. Hence there 
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exists (S, ,..., S,) E [G’(Q)]P withF’(S, ,..,, S,) = (Tr ,..., Z’,). Letting 
f&=fiiforl<i<q,l<j<p,wehavethat 
fP1 + ... + f;,s, = 0 
f;js, + ... + f& = b 
fis+d% + ... + fis+ldz, = T. 
For 1 < i < s + 1, multiply the ith row of this system of equations 
by the cofactor off &+r) in (f &)I(i,jcs+I . Adding the equations thus 
obtained, we find that 
g,s1 + -.* +g,S, = det(B)T = 6, (3.1) 
where for 1 < j < p, 
f’ ... fib fL 
gf = det :’ 
f is+1)1 : 1 
. . 
... f is+1h f is+di 
Since every gi E J, by our choice of s, Malgrange’s characterization 
of the closure of a submodule of differentiable functions shows 
that (3.1) is impossible. To see this, define G: [a’(O)]” -+ 8’(Q) 
by G(T, ,..., T,) = XlTl + *** + g,T, and let G’: 8(Q) + [6’(Q)]” 
be the transpose of G. Define f E 6(Q) by 
Then 
f (x1 ,..., x,) = (x1 - al)2 + **. + (Xn - Q. 
G(fS, ,...> fS,) = fS, = 0. 
Thus (fS, ,... , f&J E ker(G) = Nl where N = im(G’) = ((g,g,...,g,g): 
g E&(Q)} is a submodule of the Q(B)-module [&(Q)]p. Hence 
(81 ,***, S,) E (,fIV)‘. Since T,(fN) = Tz(N) for all x E 52, Whitney’s 
Theorem [l, Cor. 1.7, p. 251 enables us to conclude that cI(fN) = 
cl(N) and hence that (fN)J- = NJ-. Therefore (S, ,,.., S,) E NL = 
ker(G). But 
G(S, ,..., SD) = gJ1 + ..* + g,s, = sa # 0. 
This contradiction completes the proof of Theorem 3.1. 
THEOREM 3.2. Suppose F = (fii)l~i~p,l~i~n , fii E a(Q), Q C B?l. 
If for every x E Q with rank(F(x)) < I there exists A E 9 such that x 
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is a zero of finite order of det(A), then the finitely generated submodule 
M = im(F) of [a(Q)]” is closed in [&(sZ)]“. 
Proof. If Y = 0, then every fii is identically zero on Q and thus 
M = im(F) is the zero submodule of [&(&?)I”. Suppose Y > 0 and 
for every x E Sz with rank(F(x)) < Y there exists A E 9 such that 
det(A) $ J, . Consider any (hi ,..., h,) E cl(M). By Whitney’s Theo- 
rem, (h, ,..., hP) is pointwise in M, that is, T,(h, ,..., h,) E T,(M) for 
all x EJ~. This fact enables us to find (g, ,..., g,) E [L?(L?)]” with 
Fk, ,...> g,) = (4 >..., &I- 
There exists a locally finite open covering {Sz,} of B with the 
property that for each CL one of the following occurs. 
(i) there exists A E 9 which is nonsingular in Q, ; 
(ii) there exists x E Q, with rank(F(x)) < Y and A E fl with A 
nonsingular in 52, - {x} such that for all B E 9 the order 
of the zero of det(A) at x is less than or equal to the order 
of the zero of det(B) at x. 
Using a partition of unity argument it is easy to see that it suffices 
to find (g, ,..., g,) E [8(!2,)]” with F(g, ,..., gq) = (h, ,..., h,) in L?, 
for each 01. 
Suppose that 52, is a member of the open covering and A is the 
associated Y x Y submatrix of F, say for simplicity A = (fii)19i,iC,. . 
The system of equations 
filgl + .” + fi,gr = hi 7 1 <i;r, 
can be uniquely solved either for g, ,..., g, E 8(Q,) in case (i) or for 
g, ,..., g, which are infinitely differentiable on Q, - {x] in case (ii). 
In fact, for 1 < j < Y, gj = det(Aj)/det(A) where Aj is the matrix A 
with thejth column replaced by (h, ,..., h,). 
We first prove that in case (ii) the functions g, ,..., g, E &(52,) 
by showing that if det(A) has a zero of order I at x, then each det(Aj) 
has a zero of order at least I at x (where x is the point associated with Sz, 
in case (ii).) Consider K, 1 < K < r. Since (h, ,..., h,) E T,(M), 
there exists (dl ,..., d,) E [~(L’)]‘J with 
(4 ,..., 4,) -V, ,..., 4) E [IcJ”. 
Thus for 1 < i < Y, hi - xi fijdi E J, . For 1 < i < Y the product 
of the cofactor of fik in A and hi - xi fijdj belongs to the ideal Jx . 
Adding these products, we find that 
det(A,) - c det(Bj)di E J, (3.2) 
j 
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where for 1 < j < 4, Bi is the matrix A with kth column replaced 
by (fij ~-~Jii>~ BY our choice of A in case (ii), each det(Bi) has a 
zero of order at least I at X. By (3.2), we conclude that det(A,) has 
a zero of order at least I at X. Therefore g, ,..., g, E &(Q,). 
Consider (g, ,..., g,) E [&(!J,)]” where gj = 0 for r < j < q. We 
claim that F(g, ,..., g,) = (h, ,..., hP) in B, , that is, for 1 < i < p, 
xi fiigi = hi in Q, . Since for 1 < i < p we have 
hi - c firgj = det 
j 
det(A) (3.3) 
in J2, in case (i) or in Sz, - (x} in case (ii), it suffices to prove that the 
determinant in the numerator of (3.3) is zero in Sz, - {x> for 1 < i < p. 
Consider any y E 52, - {x}. Since (h, ,..., 5) is pointwise in 
M = in-43 (My),..., h,(y)) is linearly dependent on the columns of 
F(y) = (fif(y))l<i<p+l<j<q. Since (fij(y))l<i,j<r is nonsingular and 
rank(F(y)) = r, the last q - r columns of F(y) are linearly dependent 
on the first r columns of F(y). Hence (h,(y),..., h,(y)) is linearly 
dependent on the columns of (fii(y))l&i~P,l~.j(l. . Therefore 
.** f$Y) 4(Y) 
... ftiy) hiA = ’ 
. 9 ..* fidr) hi(Y) 
for 1 < i < p which completes the proof of Theorem 3.2. 
An example due to Malgrange shows that Theorem 3.2 is false 
for DC9P, n > 1. Let 
and define F: 8(.Cif2) -+ &‘(g2) by F(g) = fg. Then the origin is a 
zero of finite order off but im(F), the ideal generated by f in 8(%‘“), 
is not closed in &(.9J2) since f fails to satisfy the Lojasiewicz inequality 
in every compact neighborhood of the origin (see [I, p. 881). 
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